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We numerically investigate structural and optical properties of a highly chiral liquid
crystal when it is confined in a thin planar cell imposing strong homeotropic anchoring.
Various stable exotic defect structures different from those of bulk cholesteric blue phases
are found depending on temperature and cell thickness. We also study how a planar
cell with these defect structures reflect and transmit incident light, paying particular
attention to a structure with double-helix disclination lines and one similar to bulk
BP II.

Keywords Chiral liquid crystal; cholesteric blue phase; topological defects; Maxwell
equations; reflection

I. Introduction

Absence of inversion symmetry in a chiral liquid crystal gives rise to arich variety of ordered
phases [1]. The simplest example is a chiral nematic (or cholesteric) phase in which the
director n rotates (or twists) along one direction. One can consider a configuration of n
exhibiting twist distortions along more than one direction, which is referred to as “double
twist” and energetically more favorable locally than a “single twist” of a chiral nematic.
Cholesteric blue phases (BPs) [1,2], more complex and intriguing ordered phases exhibited
by a chiral liquid crystal, comprises this double-twist ordering and disclination lines of
winding number —1/2 that inevitably appear because of the frustration between the locally
favorable double-twist ordering and global topological constraint that prohibits double-
twist ordering from filling the whole space without singularities. Not only have cholesteric
BPs intrigued scientists as a fascinating example of frustrated systems, but also attracted
considerable attention as a possible candidate of materials suitable for next-generation
fast-switching displays [3,4].

*Address correspondence to Jun-ichi Fukuda, Nanosystem Research Institute, AIST,
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By numerical calculations based on the Landau-de Gennes theory, we have shown [5]
that, when a chiral liquid crystal exhibiting cholesteric BPs in the bulk is strongly confined
in a planar cell whose thickness is of the order of or smaller than the lattice constant
of bulk BPs, it exhibits various exotic ordered structures most of which are considerably
different from those of bulk BPs. These structures, which we will present later, include
disclination lines of double-helix form, and a quasi-two-dimensional hexagonal lattice
of Skyrmion excitations. In this work, we will particularly focus on how these exotic
structures respond to incident light. Although optical properties, in particular photonic
bands of cholesteric BPs have been theoretically investigated [6,7], lasing of cholesteric
BPs has been experimentally demonstrated [8,9], a thin cell of a cholesteric BP liquid crystal
has been paid less attention. Given the peculiarity of ordered structures of a chiral liquid
crystal confined in a thin cell, one can imagine that these periodic structures can exhibit non-
trivial optical properties arising from the anisotropic and inhomogeneous distribution of the
dielectric tensor “€”. Here we will investigate the profiles of reflected light and transmitted
light when an ordered structure of a chiral liquid crystal in a thin cell is illuminated by light
with specific polarization. Our calculations are based on a plane-wave expansion, and one
of its advantages over the commonly used finite-difference-time-domain (FDTD) method
[10] is that full three-dimensional grids need not be introduced outside the liquid crystal.
Another advantage is that one has to include no other ingredients that do not appear in the
original Maxwell equations or appropriate boundary conditions (for example, absorbing
boundaries to mimic infinite space outside the liquid crystal).

II. Numerical Calculations

A. Calculation of the Order Parameter Profiles

In our numerical calculations to determine the equilibrium orientation profiles of a chiral
liquid crystal, we employ the Landau-de Gennes theory in which the orientational order of
the liquid crystal is described by a symmetric and traceless second-order tensor xqg [11]. The
details of our calculations are given in our previous works [5] and here we show the outline.
After an appropriate rescaling of length, order parameter, and free energy density, the total
free energy of the system is formally given by F = f dxdy[ fOL (@local + Pgrad) + @50 + @521,
where L is the thickness of the liquid crystal cell, ¢jocq is the local free energy density
as a Landau expansion, ¢gr,q is the elastic energy density, or the contribution from the
inhomogeneity of xq, and ¢y 1 is the anchoring energy at the two confining surfaces
located at z = 0, L (cell normal is taken along the z direction). The explicit forms of the
free energy densities are

Procal(Xap) = T Trx? — V6 Trx® + (Trxz)z, (1)

Porad(Xaps V) = k2{[(V X X)ap + Xapl* + 0l(V - X)al*} )
1

¢s = SwTr(x = Xxs)*- A3)

Here 7 is the temperature, « is the strength of chirality, and w is the anchoring strength.
n concerns the anisotropy of liquid crystal elasticity and is set to 1 corresponding to the
one-constant approximation. yx; is the order parameter preferred by the confining surfaces,
and in this work it is chosen so that the surfaces impose homeotropic anchoring. The length
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is rescaled such that the natural cholesteric pitch p is 47. We choose w = 2.5 (strong
anchoring) and x« = 0.7 (corresponding to p ~ 161 nm in real unit). The equilibrium
profile is calculated by relaxing not only y,g but the lattice constants of the numerical
system along the x and y directions to avoid the mismatch between the periodicity of the
liquid crystal ordering and the size of the numerical system.

B. Calculation of the Optical Properties

Now we present how we calculate the optical properties of the liquid crystal structures found
in Sec. IT A . Under the assumption of no current or charge, and that the time dependence
of the electric field E and the magnetic field H is described by a single frequency w as
x exp(—iwt), the Maxwell equation for E is written as [12]

VxVxE—(?)z(?Ezo, @)

with “€” being the dielectric tensor.

We consider the cases where light with frequency w is incident normally from z =
—o00, and denote the regions —oo <z < 0,0 <z <L, and L < z < oo by Regions 1,2
and 3, respectively (Region 2 is occupied by the liquid crystal). According to the Bloch
theorem, E in a periodic medium in the r; = (x, y) directions is formally expanded as
Eri,z2)=),,E™" (@) exp(ilkL + GY""]-r). Here k is an arbitrary vector in the
(x, y) space, and GS’_”’") is a 2-dimensional reciprocal vector labeled by integers m and n that
is consistent with the periodicity of the medium. Since we are considering normal incidence,
k, = 0. The electric field of the incident light is given by E(x, y, z) = E; exp (ik;z), where
E; - Z = 0 from the transverse condition, and the dispersion relation yields k12 = €1(w/c)?,
where c is the speed of light in vacuum.

We assume that Regions 1 and 3 are isotropic and homogeneous in terms of dielectric

permittivity and the dielectric constants there are denoted by €, 3, respectively. We can safely

set E ;’fqgn)(z) =E (Im3 " exp (i ki’ﬁ‘;)z), and the electric fields in Regions 1 and 3 are expanded

in terms of the labels (m, n). Note that |GS’_”‘")|2 + (kgfl’é"))z = €, 3(w/c)?, and therefore
k.; and k.3 are pure imaginary if |G |> > k2, and |G""|> > (e3/€1)kZ, respectively.
Imaginary k| 3 gives rise to an evanescent wave.

In Region 2, the dielectric tensor is inhomogeneous and anisotropic because of the
ordered structure of the liquid crystal, and therefore the z dependence of the electric
field cannot in general be given by a single exponential function as in Regions 1 and 3.
We simply discretize E in the z direction so that it is formally written as E,(r,, z;) =
Yomn E(zm’"’l) exp (ik(l'"’”) -ry), where z;’s I =0, 1, ..., I,.c) with equal spacings satisfy
0=z0<z1 <-- <z, = L. We further assume that the dielectric tensor is given, as
a function of xug by €4p(r) = €isodap + €aXap(r), and that €,5(r) can be discretized in
the same manner as E,. The discretization along the z is carried out so that the energy
conservation is satisfied in the sense that the sum of transmittance and reflectance is exactly
1 up to rounding errors [13].

After the plane-wave expansion is truncated by limiting m and n, the discretization of
eq. (4) together with appropriate boundary conditions at the surfaces confining the liquid
crystal results in a set of linear equations for given E; and k;. The number of equations is
exactly the same as that of unknowns: E (lm; " and E (2'"’"’1) . In the present calculations we set
Imax = 32 and —16 < m, n < 16. We retain only dominant ‘€ )5 to reduce numerical
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costs (how many ‘€ D5 out of 332 are retained depends on the problems, and for the
calculation presented in Section III B below, 81 and 59 modes are retained for two different
structures). Then our linear equations are sparse enough to be handled by a direct solver
UMFPACK [14] designated for sparse linear equations.

As material parameters, we choose €; 3 = 2.25, and the corresponding refractive index
1.5 is typical for glass. €i5, and €, are set to 2.571 and 0.825, respectively, that conform to
the refractive indices of a typical blue phase material ny = 1.754 and n; = 1.523 [15].

II1I. Results

A. Defect Structures in a Thin Cell

In Fig. 1 we show stable or metastable defect structures in a thin planar cell of a chiral liquid
crystal, found in our numerical calculations [5]. Figure 1 clearly demonstrates that, merely
by changing cell thickness L and temperature t, the system can exhibit various types of de-
fect structures entirely different from those of bulk BPs, except that of Fig. 1(d) resembling
that of bulk BP II with four-arm junctions of defects. These exotic defect structures include
a hexagonal lattice of Skyrmion excitations (Fig. 1(a)), intricate disclination network with
apparent three-fold symmetry (Fig. 1(b)) or rectangular symmetry (Fig. 1(c)), a parallel
array of disclination lines with double-helix form (Fig. 1(e)), and a staggered array of
inchworm-like disclination lines in contact with confining surfaces (Fig. 1(f)). Notice that
Skyrmions, vortex-like excitations in vectorial order originally proposed to account for the
existence of discrete entities in a continuous field theory for elementary particles [16], have

Figure 1. Defect structures of a chiral liquid crystal confined in a thin planar cell with strong
homeotropic anchoring. Profiles of topological disclination lines are shown by isosurfaces of Try?2,
and the orientation profiles at the midplane are shown by small cylinders. The (rescaled) cell thickness
L and temperature t are (a) L/p = 0.637, 7 =0, (b) L/p =0.955, 7 =0, (c) L/p =0.955, = =
02, L/p=1.114, t =-0.6, (e) L/p =0.955, t = —0.6 and (f) L/p = 0.796, = = —0.6,
respectively. Here p = 4 is the rescaled cholesteric pitch. Note that surface defects are not shown
for the clarity of the top views.
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attracted considerable interest in diverse fields of physics and shown to play an important
role in, say, two-dimensional electron gases, spinor Bose-Einstein condensates, and chiral
ferromagnets [17].

We can show that these defect structures are indeed stable in a certain space in the
(L, t) space. The phase diagram is presented in our previous work [5].

B. Optical Properties

In this work we pay particular attention to two of the defect structures presented in Section
IIT A; a BP II like structure with an array of four-arm junction of defects which we will
refer to as “BP II-like” in the following (Fig. 1(d), L/p = 1.114), and a parallel array of
disclinations of double-helix form referred to as “double-helix” (Fig. 1(e), L/p = 0.955).

In Fig. 2 we show the reflectance as a function of the wavelength of the incident light
in Region 1, which will be denoted by A; (¢ = 2.25 and the refractive index is 1.5 there,
and therefore A; is 1.5 times smaller than that in vacuum). We focus on the effect of the
handedness of circular polarization on the reflectance. For both structures, the reflectance of
right-handed circular polarized light is much larger than that of left-handed polarized light
for almost the whole range of the wavelength. The reflectance for right-handed polarized
light can be about 0.9, while it is at most 0.2 for “BP II-like,” and 0.45 for “double-helix”
when the polarization is left-handed. This difference is clearly attributed to the absence of
inversion symmetry of the structure of the system, as is well known for a helical orientation
profile of a chiral nematic [11].

In Fig. 3, we show the profiles of E* - E of reflected light for different z’s, where E*
is the complex conjugate of E. We have chosen A; = 7.947 for “BP II-like” and 8.840 for
“double-helix,” both of which give a local peak in the reflectance spectra. Despite the in-
plane variations of orientational order for both structures, the intensity profiles look almost
one-dimensional; the variation along one direction (that of the helical axes of disclination
lines for “double-helix”) decays rapidly with the distance from the confining surface |z].
Stripe-like appearance of the intensity profiles is common for both structures. The rapid
decay to stripe-like profile looks surprising, in particular for the BP II-like structure, and it
could be attributed to the presence of stripe-like surface defects not shown in Fig. 1 for the
clarity of the presentation. The intensity profiles for a given structure of the liquid crystal
and a given |z| look almost the same irrespective of the polarization of the incident light
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Figure 2. Reflectance spectra for (a) “BP II-like” and (b) “double-helix” structures. A; is the wave-
length of the incident light in Region 1.
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Figure 3. Intensity (E* - E) profiles of reflected light for (a,b) “BP II-like” (the area shown is
14.34 x 15.76.) and (c,d) “double-helix” structures (the area shown is 14.25 x 17.67.)atz = 0, —2
and —10. The length is rescaled so that the natural cholesteric pitch (~161 nm) becomes 4.
The polarization of the incident light is left-circular for (a,c) and right-circular for (b,d). The defect
structures are also shown to clarify the orientation of the intensity profiles with respect to the structure
of the liquid crystal.

(left-circular or right-circular). However, the intensity scales in Fig. 3 again clearly indicate
that the intensity of reflected light is much stronger for right-circular incident light. We
also note that for the present choice of ;, all the modes E (lm’") with nonzero Gf"") are
evanescent (in other words, kgl"’") is pure imaginary), and therefore the intensity profiles
become uniform for large |z| (the decay of the amplitude of intensity modulation can be

seen in the intensity scales of Fig. 3).

IV. Conclusion

We presented our numerical work on the formation of exotic defect structures in a chiral
liquid crystal strongly confined between two parallel plates. Depending on temperature and
the thickness of the system, the liquid crystal exhibits a wide variety of defect structures
not found in other systems including bulk cholesteric BPs. These exotic structures include
a hexagonal lattice of Skyrmion excitations, a bulk BP II-like structure with four-arm
junctions of disclination lines, and a parallel array of disclination lines of double-helix form.
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These results clearly demonstrates that liquid crystals have possibilities of self-organized
structure formation much more than we already know or we can imagine now.

We also showed some results of our numerical work on the optical properties of
these exotic defect structures. By plane-wave expansions, we investigated how our thin
system with an inhomogeneous distribution of the dielectric tensor “€” reflects and trans-
mits monochromatic light incident normally. In this work we particularly focused on two
structures, one similar to that of bulk BP II, and a parallel array of disclination lines of
double-helix form. We showed clear dependence of the reflection intensity spectrum on the
polarization of incident light, which resembles the response of a chiral nematic with single
twist, and reflects the lack of inversion symmetry in our system of a chiral liquid crystal.
Though the in-plane structures of the liquid crystal vary in two dimensions, the intensity
profile of the reflected light is of a stripe form. Our results are preliminary in the sense
that we focused on a small number of structures and presented only the intensity profiles
for incident light of specific wavelengths. Nevertheless, we believe that a thin system of
a chiral liquid crystal exhibiting various exotic defect structures is not only a playground
for theoretical analyses but also will be useful as a tunable optical grating. Our present
work based on plane-wave expansions will be a starting point for a further study of optical
properties of such systems.
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